A purely algebraic method is proposed for the construction of zonal spherical functions (ZSF) on symmetric spaces X − n = SL(n, Q)/Sp(n) and eigenfunctions of the hyperbolic Sutherland operator connected with them. Examples of the explicit calculations of the coefficients determining the structure of ZSF are given.
Introduction
The purpose of this paper is to find an effective algorithm for constructing zonal spherical functions (ZSF) on symmetric spaces X − n of rank n − 1 and type AII [1] , realized as varieties of adjacent classes SL(n, Q)/Sp(n), in the cases n 3. Numerous examples of ZSF on the spaces of rank 1 which are used for the calculation of matrix elements of representations of the group of rotations of pseudo-Euclidean space are given in [2] .
The constructions of intertwining operators which allow one to find ZSF for the space of rank 2 of type A III =SU (p, q)/S(U (p) × U (q)) were described in [3, 4] . ZSF on the space X − 3 were first calculated in [5] . Up to now, for the spaces X − n of higher ranks only integral representations of ZSF have been known. They contain 2n(n − 1)-multiple integrals on the elements of lower triangle n × n matrices constructed from quaternions [6] . An equivalent approach allows one to get the ZSF as decompositions into infinite n(n − 1)/2-dimensional series with coefficients defined recurrently [1] . Both these representations are of great value for the investigation of various asymptotics of the ZSF. But they are not effective in practical calculations even for the simplest case n = 3. The use of ZSF of the spaces of higher ranks for the solution of problems of mathematical physics is caused by the following fact: under the choice of orispherical coordinate system on X − n the radial part of the quadratic Laplace -Beltrami operator can be presented in 
where Δ n is the Laplace operator in R n . Zonal spherical functions Φ (k)
n (x) are simply eigenfunctions of B n which correspond to the eigenvalues
They should be symmetric under permutations of the arguments {x j } and normalized by the condition Φ (k) n (0) = 1. Of the greatest interest for applications are the wave functions of the hyperbolic Sutherland problem which describe the processes of scattering of n quantum Bose particles on the line with asymptotical momenta k 1 , . . . k n and the total energy (k) = k 2 /2,
The singular transformation defined by (1) transfers B n into the Sutherland Hamiltonian
The discrete analog of H n S is used for description of the interactions of quantum s=1/2 spins in the one-dimensional models of ferromagnetism [9] .
The method of calculation of the ZSF
We propose an algorithm for constructing the functions ψ n (x) based on the solutions of the system of linear algebraic equations. This algorithm also allows one to establish their connection with homogeneous polynomials in variables y j = exp(2ax j ). It is based on the result of the paper [8] in which the recurrence scheme of calculating eigenfunctions of the operator (2) was constructed,
where
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The zonal spherical function Φ
here π n is the group of permutations of numbers 1, . . . n and P x is the point in R n with coordinates (x P 1 , . . . x P n ). The calculations of ZSF under the scheme (3)- (4) are extremely cumbersome due to the presence of differentiation operators in the recursive relations and were in fact performed only for the case n = 3. Below we shall show that the problem of determining Ψ (k) n (x) admits a purely algebraic formulation.
where p is a polynomial in the variables {coth a(
The proof is based on (3), (4) and the possibility of representing ( As a consequence, the function
has the period πia −1 on each argument x 1 , . . . x n and remains finite as x j → ±∞, 1 j n.
In the neighborhood of hyperplanes x j = x s this function has a singularity of type [sinh a(x j − − x s )] −1 in accordance with the structure of the Sutherland operator (2). These properties, together with Proposition 1, allow us to formulate the following
n (x) has a representation in the form
n (x) and (6), we get an equation for S
Polynomial solutions of (7) 
will be divisible on (y j − y s ) without any rest. Let us represent S (k) n (y) in the form
{m} =0 if at least one of the numbers m s does not belong to the segment [0, n − 1]. Then the above condition can be expressed in the form of the system of (n−1)(2n−1)n n−1 2 linear equations for d
The substitution of (8) into (7) leads us to the equation
With the use of (9) one can perform explicitly the division on y j − y s in (10) and arrive, after comparison of the coefficients at various degrees of variables {y λ }, to yet another system of n n linear equations for d
The system of
n n−1 Eqs. (9), (11) allows one to determine the coefficients d
up to a normalization constant.
Proposition 3. S (k)
n (y) is a homogeneous polynomial of degree n(n − 1)/2.
The proof is based on the system (9). Indeed, it follows from this system that d 
For the proof it is enough to establish that the coefficients in the system (11) depend on k and a only in the form of the combinations {ω j }. This can be done using the identities
and Proposition 3. Finally, the system (11) can be written as
Let {P } be the following set of numbers {m s }: m j = P j − 1, j = 1, . . . , n, where P is some permutation of the numbers 1, . . . , n. 
The first part of the statement is proved by using a scheme analogous to that of the proof of Proposition 3.
To prove (13), let us note that in the case where all {m s } are different the system (9) contains the subsystem of
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Let P be the permutation (j → m j + 1), 1 j n, and R be a permutation of the numbers j and s which does not act on other numbers from 1 to n.
The subsystem (14) can be written as
With the use of the condition m s = m j + 1, let us represent (13) in the form
The corresponding expression for d {m} correspond, f λ ({m} 0. The equality here takes place if m λ = λ − 1, 1 λ n. The case of arbitrary permutation P ∈ π n can be considered in a completely analogous way.
